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This paper introduces a new analytical method to determine the stress and electric intensity factors for
edge-cracked circular piezoelectric shafts using Hamiltonian formalism. The singularities near the crack
tip are represented in terms of exponential series that can show the boundary layer effects effectively. A
symplectic system is established directly by introducing dual vectors in terms of the symplectic eigen-
functions. The coefﬁcients of the series are determined from the lateral boundary conditions along the
crack faces and the outer boundary conditions along the exterior geometric domain. The intensity factors
are determined by the ﬁrst two coefﬁcients of non-zero eigenvalue solutions. Numerical examples for
various boundary conditions are given. The inﬂuencing parameters on the intensity factors are
investigated.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Since piezoelectricity in natural crystals was discovered in
1880, piezoelectric materials are widely used in various ﬁelds such
as transducers, wave ﬁlters, sensors, resonators and actuators. Due
to the electro-mechanical coupling behavior, many researchers
ﬁnd great interest in the special materials. Plenty models have
been developed for studying piezoelectric effects.
Three major theories, singular integral equation, functions of
complex variable and Finite element method are used frequently.
Pak (1990) derived a conservation law that leads to a path-indepen-
dent integral of fracturemechanics through thegoverning equations
and boundary conditions for linear piezoelectricmaterials. A closed-
formsolution of the anti-plane fracture problemwas obtained for an
unbounded piezoelectric medium. The path-independent integral
was evaluated at the crack tip to obtain the energy release rate for
a mode III fracture problem. Ishihara and Noda (2001) reduced the
fracture problem to a problem of a singular integral equation of
the ﬁrst kind with respect to distribution function of screw disloca-
tion using Bueckner’s principle. The effects of interaction between
the two materials, cracking in the electro-elastic ﬁeld and the con-
trol of the stress intensity factors (SIF) by electrical loadswere inves-
tigated. Liu and Chue (2007) and Chue and Liu (2007) used the ﬁrst
and second kinds of the ﬁnite Mellin transforms to solve the anti-
plane problem of a piezoelectric ﬁnite wedge subjected to a pair of
concentrated forces and free charges. Wang et al. (2008) incorpo-ll rights reserved.
+852 2788 7612.
ng).rated the effects of both the electric ﬁeld gradient and the couple
stress into anti-plane problems of piezoelectricmaterials to account
for the size effect of small-scale problems based on Green’s func-
tions. The asymptotic electro-elastic ﬁeld near a mode III crack in a
piezoelectric material with both the couple stress and the electric
ﬁeld gradient effects was found to be governed by two parameters.
Chen et al. (2004a) derive Green’s functions for the anti-plane prob-
lems in an inﬁnite piezoelectric mediumwith a crack under remote
uniform loadings using complex variable method and the perturba-
tion technique. The analysis was conducted on the electrically uni-
ﬁed crack boundary condition with the introduction of the electric
crack condition parameter that can describe all the electric crack
boundary conditions. Beom (2003) obtained an exact expression
for singular stress andelectricﬁeldsnear the tip of apermeable crack
between twodissimilar anisotropicpiezoelectricmedia. The interfa-
cial crack-tip ﬁelds were shown to consist of an inverse square root
singularity and a pair of oscillatory singularities. Wang and Gao
(2008) studied themode III fracture problemof edge cracks originat-
ing from a circular hole in an inﬁnite piezoelectric solid based on
complex variable method combined with the method of conformal
mapping. Explicit and exact expressions for the complex potentials,
ﬁeld intensity factors and energy release rateswere presentedunder
the assumption that the surface of the cracks and hole is electrically
impermeable. Zhang and Tong (1996) and Zhang and Gao (2004)
analyzed the failure and fracture behaviors of piezoelectric materi-
als based on the Stroh formalism. A strip dielectric breakdownmod-
el is proposed to estimate the effect of electrical non-linearity on the
piezoelectric fracture of electrically insulated cracks. Chen et al.
(2004b) investigated the stress singularities for a cylindrically
Fig. 1. Schematic view of a circular shaft containing an edge crack.
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derived analytically by using the extended Lekhnitskii formulation.
Hwuand Ikeda (2008) obtained the solutions forpiezoelectricmulti-
wedges, which cover corners, interface corners, cracks and interface
cracks by taking the special feature of Stroh formalism for aniso-
tropic elasticity. Zhou et al. (2007) obtained the behavior of aGrifﬁth
crack in functionallygradedpiezoelectric byusing thenon-local the-
ory of elasticitymaterials under the anti-plane shear loading for the
permeable electric boundary conditions. To make the analysis trac-
table, it was assumed that the material properties vary exponen-
tially with coordinate vertical to the crack. Leslie et al. (2008)
derived a conservative integral for calculating the intensity factors
associated with piezoelectric material for an impermeable crack.
This was an extension of the M-integral or interaction energy inte-
gral formode separation inmechanical problems. The displacement
ﬁeld and the electric potential were obtained through the ﬁnite ele-
ment method.
For analytical solutions, Zhong and Zhang (1995) introduced a
symplectic phase space method based on the conservative Hamil-
tonian system to solve the elastic problem which was different
from the traditional semi-inverse solution method. After that,
Zhong (1994) ﬁrst developed the symplectic method for sectorial
domains. In addition, Zhang and Zhong (2003) obtained analytical
formula for an unbounded domain containing a plane crack. Gu
et al. (2005) and Leung et al. (2007) obtained 2D solutions for
transversely isotropic media with the symplectic method. More-
over, Xu et al. (2008) applied the symplectic expansion method
to solve three-dimensional problem for transversely isotropic pie-
zoelectric media and introduced a 3D sub-symplectic structure for
transversely isotropic piezoelectric media further in Xu et al.
(2005). Wang and Qin (2007) developed a symplectic model for
analyzing singularities near the apex of a multi-dissimilar piezo-
electric wedge under anti-plane deformation.
The paper uses the Hamiltonian formalism to determine analyt-
ically the stress and electric intensity factors for edge-cracked cir-
cular piezoelectric shafts. The symplectic method using both the
generalized displacements (longitudinal direction displacement
and electrical potential function) and stresses(shear stresses and
electric displacements) as primary unknowns will result in a com-
plete set of eigensolutions ensuring convergence and will give the
generalized stresses directly as dual vectors. So the singularities
near the crack tip can be represented accurately. We have not stud-
ied Modes I and II, since the direction of polarization is along the z-
axis and does not affected Modes I and II. If the direction of polar-
ization is in the x–y plane, the constitutive relationships are coor-
dinate dependent, in the polar coordinates or circular cylindrical
coordinates that we use. It is quite difﬁcult with the present meth-
od and is the subject for further investigation.
The organization of the paper follows the ﬂow of the develop-
ment. The Lagrangian is written in polar coordinates in Section 2.
The variables become separable according to the Hamiltonian for-
mulation in Section 3. Consistent boundary conditions are also de-
rived. In Section 4, the properties of the complementary functions
satisfying the governing equations are presented and the eigenso-
lutions satisfying the boundary conditions on the crack surfaces
are found in Section 5. The non-homogeneous particular integral
is found from eigen-expansion in Section 6 and the coefﬁcients
of the combined complementary functions and the particular inte-
gral are determined by the outer boundary conditions in Section 7.
The singularity at the crack tip is emphasized in Section 8 and dif-
ferent types of intensity factors are deﬁned. Some numerical exam-
ples are given in Section 9 and compared with existing results
whenever possible. New results are also presented. The paper is
ﬁnally concluded in Section 10. Since the method is analytic, the
results can be used as benchmark for numerical methods in deter-
mining singularities.2. The fundamental problem
Consider a circular piezoelectric shaft containing an edge crack
as shown in Fig. 1. The circular cylindrical coordinate ðr; h; zÞ is se-
lected such that the z-axis is along the longitudinal direction and
the origin is located at the central point of the cross-section. In or-
der to derive the Model III stress intensity factors and the electric
displacement intensity factors, the coupled problem is ﬁrst re-
duced to an anti-plane problem for the piezoelectric material.
Let rij; Di; w and u be the components of shear stresses, elec-
tric displacements, displacements and electrical potential function,
respectively. The linear relations of piezoelectricity are given by
rrz
Dr
 
¼ C erzEr
 
and
rhz
Dh
 
¼ C ehzEh
 
where C¼ C44 e15
e15 e11
 
ð1Þ
In which C44 is the elastic stiffness constant, e15 is the piezoelectric
constant and e11 the dielectric permittivity. The geometrical rela-
tionships are given by
erz ¼ @rw
ehz ¼ @hw=r

and
Er ¼ @ru
Eh ¼ @hu=r

ð2Þ
Substituting Eq. (2) into Eq. (1), the stresses and electric displace-
ments can be rewritten as
rrz
Dr
rhz
Dh
8>><>>:
9>>=>>; ¼
C 0
0 C
  @rw
@ru
@hw=r
@hu=r
8>><>>:
9>>=>>; ð3Þ
The corresponding equilibrium equations together with Maxwell’s
equation are
@rrrz þ @hrhz=r þ rrz=r þ Fz ¼ 0
@rDr þ @hDh=r þ Dr=r þ Qz ¼ 0

ð4Þ
where @r  @=@r and @h  @=@h. The Lagrange functional, which is a
linear combination of the potential energy and work, can be
expressed as
L ¼
Z a
a
Z a
0
ðrrzerz þrhzehz þDrEr þDhEh wFz uQzÞrdrdh
 
2
¼
Z a
a
Z a
0
½C44ð@rwÞ2 þ 2e15@rw@ru e11ð@ruÞ2

þ C44ð@hwÞ2=r2
þ @hw@hu=r2  e11ð@huÞ2=r2 wFz uQz

rdrdh

2
Denote g ¼ ln r and introduce a new Lagrangian function eLðw;uÞ
that satisﬁes
L ¼
Z a
a
Z a
0
eLðw;uÞdgdh ð6Þ
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ðÞ ¼ @gðÞ, theneL ¼ ½C44ð _wÞ2 þ 2e15 _w _u e11ð _uÞ2 þ C44ð@hwÞ2 þ @hw@hu
 e11ð@huÞ2  e2gwFz  e2guQz=2 ð7Þ
where Fz is the external body forces and Qz the density of free
charges. It should be pointed out that Eq. (4) can be obtained di-
rectly by Lagrangian function (7) and the Hamiltonian principle.
3. Hamiltonian system and dual equations
Introducing the Hamiltonian system, one writes the unknown
displacements and electrical potential in vector form
q ¼ w uf gT ð8Þ
In the Hamiltonian formulation, the dual (conjugate) vector is
obtained from
p ¼ @
eL
@ _q
¼ C44 _wþ e15 _u
e15 _w e11 _u
 
¼ rrrz
rDr
 
ð9Þ
The dual vector p consists of the generalized stress and electric
displacement in the r-direction. Let the generalized stress and elec-
tric displacement be srz ¼ rrrz; dr ¼ rDr , the dual vector p can be
written as
p ¼ srz drf gT ð10Þ
Based on the mutually dual vectors q and p, the Hamiltonian func-
tion can be introduced as
Hðq;pÞ ¼ pT _qðq;pÞ  Lðq; _qðq;pÞÞ ð11Þ
The fundamental equations, or the dual equations, of the Hamilto-
nian system are
_q ¼ dHdp
_p ¼  dHdq
(
ð12Þ
Now, the vectors (q,p) are regarded as independent instead of ðq; _qÞ
in the previous Lagrangian system. Rewriting Eq. (12) in matrix vec-
tor form after substituting Eq. (11), one has
_q
_p
 
¼ A B1
B2 AT
 
q
p
 
þ f ð13Þ
where f ¼ e2g 0 0 Fz Qzf gT is the vector of body forces and
free charges per unit area, the submatrices in Eq. (13) are given by
A ¼ AT ¼ 0; B1 ¼ C1; B2 ¼ C@2h ð14Þ
In which AT is the adjoint of A. The adjoint of a differential matrix
operator is its transposition with sign changed for all odd order dif-
ferentials. The sign changes come from the integration by parts. It is
observed that Eq. (12) do not contain derivatives respect to g and
separation of independent variables has been successful. Eq. (13)
is similar to a state space formulation in appearance. However, state
space equations do not have a mathematical structure whose eigen-
functions have certain properties shown in Eqs. (20)–(22) that can
ensure the symplectic orthogonality and convergence during ei-
gen-expansion. The order of singularity can also be determined by
the Stroh formulation (Stroh, 1958) but not the complete set of
eigenfunctions. Dislocation (Leung and Hu, 1997) is an alternative
to solve the problem.
The corresponding lateral boundary conditions are
@hCqjh¼a ¼ rrþhz rDþh
 T and @hCqjh¼a ¼ rrhz rDhf gT
ð15Þ
ðrrþhz; rrhzÞ are the given external generalized shear stress functions
and ðrDþh ; rDh Þ the generalized electric displacement functions alongthe lateral boundary faces h ¼ a. If the boundary conditions along
h ¼ a are free from traction and electrically impermeable, then
rrhz ¼ 0 and rDh ¼ 0. In fact, Eq. (13) canbe reduced to four equations
in component form and they are equivalent to Eqs. (3) and (4),
respectively.
4. Eigensolutions and the symplectic adjoint orthogonality
The solution of Eq. (13) can be divided into two parts: the par-
ticular integral to satisfy the loading conditions and the comple-
mentary eigensolutions with constants to be determined from
the boundary conditions. To simplify presentation, we suppose
ﬁrst that there are neither external body forces nor surface trac-
tions at the lateral boundary. These applied forces can be consid-
ered when required. Deﬁne the phase vector W and the
Hamiltonian operator matrix H, respectively, by
W¼ q
p
 
¼
w
u
srz
dh
8>><>>:
9>>=>>;; H¼
0 0 e11=J e15=J
0 0 e15=J C44=J
C44@2h e15@2h 0 0
e15@2h e11@2h 0 0
26664
37775 ð16Þ
where J ¼ detðCÞ–0. To obtain the complementary eigensolutions,
the homogenous part of Eq. (13) is rewritten as
_W ¼ HW ð17Þ
One can use the method of separable variables to solve Eq. (17)
Wðg; hÞ ¼ wjðhÞelg ð18Þ
where wj and lj are eigenpair to be determined from Eq. (18)
Hwj ¼ ljwj ð19Þ
The eigensolutions of the Hamiltonian operator matrix have some
particular behaviors that if lj is an eigenvalue, lj is an eigenvalue
also. Hence the eigensolutions can be subdivided into two groups of
a with positive real part and b with negative real part so that
ðaÞ : lðaÞj ; i¼1;2; . . . ; ReðlðaÞj Þ> 0 or ReðlðaÞj Þ ¼ 0 and ImðlðaÞj Þ> 0
ð20Þ
ðbÞ : lðbÞj ; i¼ 1;2; . . . ; lðbÞj ¼lðaÞj ð21Þ
whose eigenfunction-vectors are denoted, respectively, as wðaÞj and
w
ðbÞ
j . Introduce an inner product hwi; J;wji ¼
R
Xðqipj  qjpiÞdh, be-
tween any two of them. There are adjoint symplectic orthonormal
relations
hwðaÞn ; J;wðaÞk i ¼ hwðbÞn ; J;wðbÞk i ¼ 0
hwðaÞn ; J;wðbÞk i ¼ dnk; hwðbÞn ; J;wðaÞk i ¼ dnk
ð22Þ
where J ¼ 0 II 0
 
is the symplectic identity matrix, dij is the Kro-
necker delta which equals to one when i ¼ j and equals to zero
otherwise.
5. Eigenvalues and eigensolutions
We consider the eigensolutions having eigenvalues of zero
value and non-zero values separately.
5.1. Zero eigenvalues and eigensolutions
In this section, the homogeneous Eq. (17) with the traction free
and electrically insulated natural boundary conditions are investi-
gated. Consider the problem of zero-eigenvalue when l ¼ 0 and
study the solutions of the equation, Hw ¼ 0. The eigensolutions
and their principal vectors of Jordan form can be obtained. It can
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into two groups (a and b) as
/ðaÞ1 ¼ c1 0 0 0f gT
/ðaÞ2 ¼ 0 c2 0 0f gT
8<: ð23Þ
/ðbÞ1 ¼ c3g c4g 1 0f gT
/ðbÞ2 ¼ c5g c6g 0 1f gT
8<: ð24Þ
or /ðaÞn ¼ fð~qðaÞn ÞT; ð~pðaÞn ÞTgT and /ðbÞn ¼ fð~qðbÞn ÞT; ð~pðbÞn ÞTgT, which satisfy
relationship (22). The geometrical interpretations of these solutions
are the rigid translation along z coordinate, constant electric poten-
tial, uniform shear stress and uniform electric displacement, respec-
tively. In the solutions (23) and (24), the parameters are deﬁned
as c1 ¼ ðd11d22  d21d12Þ=d22; c2 ¼ d22; c3 ¼ e11=J; c5 ¼ e15=J; c4 ¼
½d21ðe15d12  e11d22Þ þ 4ðe15d11  e11d21Þ=ðJKÞ; c6 ¼ ½d21ðC44d12 þ
e15d22Þ  4ðC44d11 þ e15d21Þ=ðJKÞ and K ¼ detðDÞ. In which d11;d12;
d21;d22 are arbitrary constants and D ¼ d11 d12d21 d22
 
, which is an
orthogonal matrix according to the orthogonal relationships of sym-
plectic adjoint (22).
5.2. The non-zero eigenvalues and eigensolutions
The non-zero eigenvalue solutions are self-equilibrating local-
ized solutions usually ignored according to the Saint-Venant prin-
ciple. Consider the equation
ðH lIÞw ¼ 0 ðl–0Þ; ð25Þ
where I is an identity matrix. To ﬁnd the general solution of Eq. (25),
let the determinant
ðk2 þ l2Þ2 ¼ 0 ð26Þ
Then the four roots of equation are k1 ¼ li; k2 ¼ li (double root).
The general solution of the equation can be expressed by exponen-
tial functions.
w ¼
a11ek1h þ a12ek2h þ a13hek1h þ a14hek2h
a21ek1h þ a22ek2h þ a23hek1h þ a24hek2h
a31ek1h þ a32ek2h þ a33hek1h þ a34hek2h
a41ek1h þ a42ek2h þ a43hek1h þ a44hek2h
8>><>>:
9>>=>>;e
ln ð27Þ
Substituting the solutions into ðH lIÞw ¼ 0, the following rela-
tionships among the unknown constants:
a3k ¼ lðC44a1k þ e15a2kÞ; a4k ¼ lðe15a1k  e11a2kÞ ðk ¼ 1;2Þ
ajk ¼ 0 ðj ¼ 1;2;3;4; k ¼ 3;4Þ;
The solutions can be rewritten as
w ¼
a11ek1h þ a12ek2h
a21ek1h þ a22ek2h
lðC44a11 þ e15a21Þek1h þ lðC44a12 þ e15a22Þek2h
lðe15a11  e11a21Þek1h þ lðe15a12  e11a22Þek2h
8>><>>:
9>>=>>;e
lg ð28Þ
Substituting the solutions into conditions of the traction free
rrhz ¼ 0 and electrically impermeable rDh ¼ 0 lateral boundary,
one has
Ea ¼ 0 ð29Þ
where
E ¼
elpi elpi 0 0
elpi elpi 0 0
0 0 elpi elpi
0 0 elpi elpi
26664
37775; a ¼
a11
a12
a21
a22
8>><>>:
9>>=>>;Consider the condition of non-zero-solution of Eq. (29), the eigen-
value l can be determined from
jEj ¼ 0 ð30Þ
Thus eigenvalues can be obtained by
ln ¼ n=2; n ¼ 1;2; . . . ðdouble rootÞ: ð31Þ
The expression is in correspondence with the form denoted by
Wang and Qin (2007), Chen et al. (2004a), l1 ¼ 1=2 represents
the order of singularity at the apex of crack. However, the relation-
ships among the coefﬁcients of crack problems could not be deter-
mined in their paper effectively. Therefore the non-zero solutions
were not indicated accurately through their formulations. For the
crack problems, each eigenvalue is double root, thus there are
two groups of non-zero-eigenvalue solutions. Substituting Eq. (31)
into Eq. (29), one gets
a11=a12 ¼ enpi=2=enpi=2 and a21=a22 ¼ enpi=2=enpi=2 ð32Þ
The two groups of fundamental non-zero-eigenvalue solutions are
w ¼
a1ðelnðhpÞi þ elnðhpÞiÞ
a2ðelnðhpÞi þ elnðhpÞiÞ
lnðC44a1 þ e15a2ÞðelnðhpÞi þ elnðhpÞiÞ
lnðe15a1  e11a2ÞðelnðhpÞi þ elnðhpÞiÞ
8>><>>:
9>>=>>;e
lng;
w ¼
a3ðelnðhpÞi þ elnðhpÞiÞ
a4ðelnðhpÞi þ elnðhpÞiÞ
lnðC44a3 þ e15a4ÞðelnðhpÞi þ elnðhpÞiÞ
lnðe15a3  e11a4ÞðelnðhpÞi þ elnðhpÞiÞ
8>><>>:
9>>=>>;e
lng
ð33Þ
In which a1;a2;a3;a4 are constants to be determined. The relation-
ships among the constants can be determined by the symplectic
adjoint orthogonality equation (22). It can be proved that they are
also represented by d11;d12; d21;d22. The eigensolutions can be ex-
pressed in another form
w2k1 ¼
d11ðel2k1ðhpÞi þ el2k1ðhpÞiÞ
d21ðel2k1ðhpÞi þ el2k1ðhpÞiÞ
l2k1ðC44d11 þ e15d21Þðel2k1ðhpÞi þ el2k1ðhpÞiÞ
l2k1ðe15d11  e11d21Þðel2k1ðhpÞi þ el2k1ðhpÞiÞ
8>><>>:
9>>=>>;e
l2k1g;
w2k ¼
d12ðel2kðhpÞi þ el2kðhpÞiÞ
d22ðel2kðhpÞi þ el2kðhpÞiÞ
l2kðC44d12 þ e15d22Þðel2kðhpÞi þ el2kðhpÞiÞ
l2kðe15d12  e11d22Þðel2kðhpÞi þ el2kðhpÞiÞ
8>><>>:
9>>=>>;e
l2kg
ð34Þ
where l2k1 ¼ l2k ¼ k=2 ðk ¼ 1;2; . . .Þ. Therefore, eigenvalues can
be subdivided into two groups of a ðlðaÞ2k1 ¼ lðaÞ2k ¼ k=2Þ and
b ðlðbÞ2k1 ¼ lðbÞ2k ¼ k=2Þ from (20) and (21). The corresponding
eigensolutions can be expressed as
w
ðaÞ
2k1 ¼ fd11;d21; kd31=2; kd41=2gTðekðhpÞi=2 þ ekðhpÞi=2Þ
w
ðaÞ
2k ¼ fd12; d22; kd32=2; kd42=2gTðekðhpÞi=2 þ ekðhpÞi=2Þ
(
ð35Þ
where d3j ¼ C44d1j þ e15d2j; d4j ¼ e15d1j  e11d2j ðj ¼ 1;2Þ and ad-
joint eigensolutions as
w
ðbÞ
2k1 ¼ q2k1fd11;d21; kd31=2; kd41=2gTðekðhpÞi=2 þ ekðhpÞi=2Þ
w
ðbÞ
2k ¼ q2kfd12;d22; kd32=2; kd42=2gTðekðhpÞi=2 þ ekðhpÞi=2Þ
(
ð36Þ
here orthogonality factors of the symplectic adjoint q2k1 ¼ 1=
½kðd11d31 þ d21d41Þ and q2k ¼ 1=½kðd12d32 þ d22d42Þ.
Finally, the solutions are linear combinations of eigenfunctions
and adjoint eigenfunctions,
W¼
X
n
að0Þn /
ðaÞ
n þ
X
n
bð0Þn /
ðbÞ
n þ
X
n
anw
ðaÞ
n e
lngþ
X
n
bnw
ðbÞ
n e
lng ð37Þ
with coefﬁcients að0Þn ; b
ð0Þ
n ; an; bn to be determined by the boundary
condition.
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Since the general solution of the homogeneous equations has
been obtained by Eq. (37), one particular solution of non-homoge-
neous equation (13) is needed and will be discussed in this section.
Let the form of the particular solution be
Wp ¼
X
n
EðaÞn w
ðaÞ
n þ
X
n
EðbÞn w
ðbÞ
n ð38Þ
and the non-homogeneous term of Eq. (13) are expanded by
eigensolutions,
f ¼
X
n
BðaÞn w
ðaÞ
n þ
X
n
BðbÞn w
ðbÞ
n
From the symplectic orthogonality of eigensolutions, one obtains
the coefﬁcients
BðaÞn ¼ hfT; J;wðbÞn i; BðbÞn ¼ hfT; J;wðaÞn i ð39Þ
Substituting coefﬁcients into Eqs. (39) and (13), one has
_EðaÞn ¼ lnEðaÞn þ BðaÞn ; _EðbÞn ¼ lnEðbÞn þ BðbÞn ð40Þ
whose solutions are
EðaÞn ¼ elng
R g
0 B
ðaÞ
n e
lnn dn
EðbÞn ¼ elng
R g
0 B
ðbÞ
n e
lnn dn
(
ð41Þ
Therefore, the solution of the problem can be expressed as
W ¼
X
n
að0Þn /
ðaÞ
n þ
X
n
bð0Þn /
ðbÞ
n þ
X
n
ðan þ EðaÞn ÞwðaÞn elng
þ
X
n
ðbn þ EðbÞn ÞwðbÞn elng ð42Þ7. The outer boundary conditions in the symplectic system
For simplicity, the external body forces and the density of free
charges are assumed to be absence and the domain is circular.
Since the displacement and electrical potential function are
bounded at r ¼ 0, the unbounded part of the solution (42) can be
neglected. In this case, the solution should be rewritten as
W ¼
X
n
anw
ðaÞ
n e
lng þ
X
n
að0Þn /
ðaÞ
n : ð43Þ
It is well known that end conditions can be the displacement (in-
clude the electrical potential function) conditions or stress (include
the electric displacement) conditions. The boundary conditions
along r ¼ a can be divided into two parts, @X1 and @X2 correspond-
ing to the given displacement condition and the given stress condi-
tion, respectively. Along the r ¼ a boundary, these are
qjr¼a ¼
wðhÞ
uðhÞ
 
on @X1 and pjr¼a ¼
srzðhÞ
drðhÞ
 
on @X2 ð44Þ
The boundary conditions in terms of the coefﬁcients að0Þn and an are
Wjr¼a ¼
qjr¼aP
n
að0Þn ~p
ðaÞ
n þ
P
n
anp
ðaÞ
n eln ln a
8<:
9=;@X1P
n
að0Þn ~q
ðaÞ
n þ
P
n
anq
ðaÞ
n eln ln a
pjr¼a
8<:
9=;@X2
8>>>>><>>>>:
ð45Þ
in which að0Þn ¼ 0 when n > 2. The symplectic adjoint orthogonality
of eigensolutions is given by the inner products (22), the coefﬁ-
cients að0Þk and ak can be determined from
ak ¼ hWjr¼a; J;wðbÞk ielkg; að0Þk ¼ hWjr¼a; J;/ðbÞk i ð46ÞFrom the inner products (46), one hasX
n
að0Þn
Z
@X1
qðbÞk ~p
ðaÞ
n dh
Z
@X2
~qðaÞn p
ðbÞ
k dh
	 

þ
X
n
aneln ln a
Z
@X1
qðbÞk p
ðaÞ
n dh
Z
@X2
qðaÞn p
ðbÞ
k dhþ dnk
	 

¼
Z
@X1
qjr¼apðbÞk dh
Z
@X2
qðbÞk pjr¼adhX
n
að0Þn
Z
@X1
~qðbÞk ~p
ðaÞ
n dh
	

Z
@X2
~qðaÞn ~p
ðbÞ
k dhþ dnk


þ
X
n
aneln ln a
Z
@X1
~qðbÞk p
ðaÞ
n dh
Z
@X2
qðaÞn ~p
ðbÞ
k dh
	 

¼
Z
@X1
qjr¼a~pðbÞk dh
Z
@X2
~qðbÞk pjr¼adh ð47Þ
Eq. (47) can be simpliﬁed asP
n
að0Þn Akn þ
P
n
anB
¼
knEknP
n
að0Þn Ckn þ
P
n
anD
¼
knFkn
8><>: ðk ¼ 1;2; . . .Þ ð48Þ
where
Akn ¼
Z
@X1
qðbÞk ~p
ðaÞ
n dh
Z
@X2
~qðaÞn p
ðbÞ
k dh
Bkn ¼ eln ln a
Z
@X1
qðbÞk p
ðaÞ
n dh
Z
@X2
qðaÞn p
ðbÞ
k dhþ dnk
	 

Ckn ¼
Z
@X1
~qðbÞk ~p
ðaÞ
n dh
Z
@X2
~qðaÞn ~p
ðbÞ
k dhþ dnk
Dkn ¼ eln ln a
Z
@X1
~qðbÞk p
ðaÞ
n dh
Z
@X2
qðaÞn ~p
ðbÞ
k dh
	 

Ekn ¼
Z
@X1
qjr¼apðbÞk dh
Z
@X2
qðbÞk pjr¼adh
Fkn ¼
Z
@X1
qjr¼a~pðbÞk dh
Z
@X2
~qðbÞk pjr¼a dh
In the approximation, the ﬁrst N terms of the non-zero eigenvalues
solutions and all the zero eigenvalue solutions in (48) are used. Thus
there are N+2 unknown coefﬁcients, anðn ¼ 1;2;   NÞ and
að0Þn ðn ¼ 1;2Þ, and they can be determined by N þ 2 algebra equa-
tions. In this way, the approximate solution (48) can be obtained.
8. Singularity, stress and electrical displacement intensity
factors
The asymptotic ﬁelds near the crack tip are of practical interest.
Singular parts can be obtained by the ﬁrst two terms of series (43),
or a1w1 þ a2w2 where
w1 ¼ fd11;d21;d31=2;d41=2gTðeðhpÞi=2 þ eðhpÞi=2Þr1=2
w2 ¼ fd12;d22;d32=2;d42=2gTðeðhpÞi=2 þ eðhpÞi=2Þr1=2
(
ð49Þ
The corresponding strains, electric ﬁeld intensities, stresses and
electric displacements near the crack tip in impermeable boundary
case are expressed as
erz ¼ ½ða1d11 þ a2d12Þ=2 sinðh=2Þ=
ﬃﬃ
r
p
;
ehz ¼ ½ða1d11 þ a2d12Þ=2 cosðh=2Þ=
ﬃﬃ
r
p
Er ¼ ½ða1d21 þ a2d22Þ=2 sinðh=2Þ=
ﬃﬃ
r
p
;
Eh ¼ ½ða1d21 þ a2d22Þ=2 cosðh=2Þ=
ﬃﬃ
r
p
rrh ¼ ½ða1d31 þ a2d32Þ=4 sinðh=2Þ=
ﬃﬃ
r
p
;
rhz ¼ ½ða1d31 þ a2d32Þ=4 cosðh=2Þ=
ﬃﬃ
r
p
Dr ¼ ½ða1d41 þ a2d42Þ=4 sinðh=2Þ=
ﬃﬃ
r
p
;
Dh ¼ ½ða1d41 þ a2d42Þ=4 cosðh=2Þ=
ﬃﬃ
r
p
:
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Fig. 3. Variations of generalized stress intensity factors with the loading angle x.
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3582 Z.H. Zhou et al. / International Journal of Solids and Structures 46 (2009) 3577–3586From fracture mechanics, the stress and electrical displacement dis-
tribution near the singularity point are described by means of the
generalized intensity factor. Based on Irwin‘s equation and Chue
and Liu (2007), Zhang and Gao (2004), one gets
KS ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
ehzjh¼0¼ limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
ehzjh¼0¼
ﬃﬃﬃﬃﬃﬃ
2p
p
ða1d11þa2d12Þ=2
KE ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
Ehjh¼0¼ limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
Ehjh¼0¼
ﬃﬃﬃﬃﬃﬃ
2p
p
ða1d21þa2d22Þ=2
K3¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
rhzjh¼0¼ limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
rhzjh¼0 ¼C44KSe15KE
KD ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
Dhjh¼0 ¼ limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
Dhjh¼0¼ e15KSþe11KE
8>>>><>>>>:
ð50Þ
where KS and KE are the strain intensity factor and the electric ﬁeld
intensity factor, respectively; K3 and KD are the stress intensity fac-
tor and the electric displacement intensity factor intensity factor,
respectively. The deﬁnitions can be found from Pak (1990) and
Wang et al. (2008).
From expressions (50), the stress and electric intensity factors
K3 and KD can be reduced to solving the ﬁrst two coefﬁcients, a1
and a2, of the expansion.
9. Numerical examples
For numerical solutions, we consider the non-dimensional form.
Let R ¼ r=a; W ¼ w=a; U ¼ u=ða 	 1010N=cÞ; srz ¼ srz=½aðe15 	
1010N2=mcÞ; dr ¼ dr=ðae15Þ, where a is the radius of the shaft. In
this section, the expressions of the K3 and KD will be obtained ana-
lytically. In the following numerical calculations, the material PZT-
5H of Chue and Liu (2007) with properties C44 ¼ 23	 109 N=m2;
e15 ¼ 17:0 C=m2; e11 ¼ 1:51	 108 C=Vm is used.
9.1. Example 1
Consider a circular piezoelectric shaft subjected to a pair of lon-
gitudinal concentrated tractions P in opposite direction and two in-
plane surface charges Q on its circumference, respectively, shown
in Fig. 2 as example 1. For anti-plane electro-elastic problem, the
anti-plane elastic ﬁeld and the inplane electrical ﬁeld are coupled.
We ﬁrst discuss the singularities and generalized stress inten-
sity factors. In order to evaluate the mechanical behaviors of the
shaft, it is necessary to have knowledge of the distributions of
the stress intensity factors. Fig. 3 shows the variations of stress
intensity factors with the load sustaining angle x under three dif-
ferent magnitudes of the normalized force P. It is shown that the
variation of stress intensity factor is similar to the classical mode
III fracture problem results and comparing well with Liu and Chue
(2007) whenx ¼ p. The stress intensity factor increases monoton-
ically with loading angle and reaches maximum when the pair of
forces is applied at the outer edge of the crack surface. For this par-
ticular piezoelectric fracture problem, the shear stress rrz and elec-
trical displacement Dr have the same crack-tip behavior. When theFig. 2. Circular piezoelectric shaft with an edge crack subjected to anti-plane
concentrated tractions P and surface charges Q on its circumference.loading angle x ¼ p, singularities of stress and electrical displace-
ment are plotted in Figs. 4 and 5. In Fig. 4, rrz and Dr are plotted in
the Cartesian coordinates ðX;YÞ where X ¼ R cos h and Y ¼ R sin h
and Fig. 5 shows the results in contours. The anti-symmetry distri-
bution and concentration at the crack tip are clear shown.
We now study the inﬂuence of the degree of piezoelectricity on
the intensity factors.
Introduce KSe ¼ C44KS to denote the effect of mechanical behav-
iors. Let C44 ¼ aC44; e15 ¼ be15; e11 ¼ ce11, where the proportional
coefﬁcients are 0 6 a 6 1;0 6 b 6 1;0 6 c 6 1. The materials con-
stant can be modiﬁed as the coefﬁcients are varied. Fig. 6 displays
the variations of KSe with the loading anglex under different values
of the coefﬁcient b.
From Fig. 6, it is seen that the contribution of mechanical loads
to the stress intensity factors increases as the piezoelectric con-
stant decreases. The result showed that KSe approaches to the
purely elastic crack problems K3e in Shahani (2003), while the pie-
zoelectric constant decreases. It could be shown that if the electri-
cal quantities vanish, the piezoelectric solution reduces to the
purely elastic mode III solution in which C44 becomes the shear
modulus. This conclusion is in correspondence with Pak (1990).
Finally, the inﬂuence of material properties on the generalized
intensity factors is investigated in this section. Three factors, elastic
constant, piezoelectric constant and dielectric permittivity, are-1
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ent factors are shown in Figs. 7–9.
It is found that both the values of KS and KE decrease as the
magnitude of elastic constant increases, but they increase as the
piezoelectric constant increases. Moreover, a special phenomenon
is found that KS increases and KE decreases as the magnitude of
dielectric permittivity increases. The results indicates that each
material constant has different effect on generalized strain inten-
sity factor KS and generalized electric ﬁeld intensity factor KE.
9.2. Example 2
Consider a circular piezoelectric shaft clamped on the circumfer-
ence shown in Fig. 10 as example 2. An electric potential of sinusoi-
dal distribution UðhÞ ¼ sinðhþx0Þ is applied to it. The sinusoidal
distribution of electric potential can generate a uniform electric
ﬁeld in this domain, and the direction of the uniform electric ﬁeld
is determined by the angle x0. The inﬂuence of K3 and KD on the
variational electric potential is shown in Fig. 11 which shows the
variations of generalized intensity factors when x0 is changed.
The electric ﬁeld direction can be selected to reducing the singular
intensities by applying various electric potential in a design. In
Fig. 11, the sign of K3 (or KDÞ denotes the direction of the shear
stress (or electrical displacement). It is interesting to note that K3
decreases while KD increases when x0 increases from 0 to p and
that that K3 increases while KD decreases when x0 increases fromp to 2p. Based on the character of electric potential, a further
benchmark is calculated in Fig. 12.
Fig. 10. Circular edge clamped piezoelectric shaft subjected to electric potential U.
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Fig. 13. Inﬂuence of electric potential on the increased x0 with an initial
displacement.
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difference between the two benchmarks is the additional initial
displacement WðhÞ ¼ h prescribed on the circumference in
Fig. 12. It is equivalent to applying an electric ﬁeld on the cracked
shaft. The inﬂuence of K3 and KD on the variational electric poten-
tial is shown in Fig. 13. It can be seen that in this case, the change
in electric ﬁeld direction has great inﬂuence on the value of the
generalized intensity factors. Both K3 and KD can be improved by
a proper choice of angle x0. Therefore, it provides a way to reduce
the mechanical and electrical singularities and to retard the crack
growth. A design can be optimized taking into account of the char-
acter of applied electric ﬁelds in engineering.
9.3. Example 3
In this example, a more complex mixed loading condition is
shown in Fig. 14 than the last example. The circular piezoelectric0 1.5π0.5π π  2π
-10
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0
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10
ω0
K 3
 K
D
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K3
Fig. 11. Inﬂuence of electric potential on the increased x0.
Fig. 12. Circular piezoelectric shaft subjected to electric potential U with an initial
displacement.shaft is partly clamped at the angle 0:25p, and subjected to a pair
of longitudinal concentrated tractions P and two inplane surface
charges Q on its circumference, respectively. The inﬂuence of con-
centrated tractions and inplane surface charges is explored in this
section. The variations of K3 and KD are given in Figs. 15 and 16
when P ¼ 1;Q ¼ 0 and then the variations of K3 and KD are shown
in Figs. 17 and 18 when P ¼ Q ¼ 1.
From Figs. 15–18, the surface charges introduce a signiﬁcant
inﬂuence on K3 and KD. It is shown in Figs. 15 and 16 that K3 and
KD increase as the applied mechanical loading angle xf
increases. The greater values of K3 and KD indicate higherFig. 14. Circular piezoelectric shaft with complex mixed load condition.
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Fig. 15. Variations of K3 with the angle xf when P ¼ 1;Q ¼ 0.
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harmful to the facility. This problem can be improved by the applied
surface charges appropriately. Figs. 17 and 18 show the variations0.5 0.625 0.75 0.875
32
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ωf
K D
Fig. 16. Variations of KD with the angle xf when P ¼ 1;Q ¼ 0.
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Fig. 17. Variations of K3 with the angle xf when P ¼ Q ¼ 1.
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Fig. 18. Variations of KD with the angle xf when P ¼ Q ¼ 1.of K3 and KD with the angle xf when both the concentrated trac-
tions and surface charges are applied to the shaft. The values of
K3 and KD do not increase monotonically due to the applied surface
charges. Thus the values of K3 and KD can be optimized by choosing
the appropriate magnitudes of the surface charges and the loading
angle.
10. Conclusion
Piezoelectric mode III fracture problems have been developed
by means of the Hamiltonian formalism. Singularities and general-
ized intensity factors of circular piezoelectric shaft are analyzed by
symplectic eigen-function expansion to study the behaviors of the
stresses and the electrical displacements near the apex of the crack
are represented accurately. The stress and electric intensity factors
are obtained by the ﬁrst pair coefﬁcients of the expansion. The
method is very similar to the classical method of separation of vari-
ables for partial differential equations and the modal analysis.
Three numerical examples for parametric study are given. Since
the method is analytic, the results can be used as benchmark for
numerical methods in determining singularities.
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